In this talk, I review briefly a scenario for the evolution of a string-inspired cosmological model, in which condensates of primordial gravitational waves (GW), formed at the very early eras after the Big Bang, are considered responsible for inducing inflation and then a smooth exit to a radiation dominated epoch. Primordial axion fields, that exist in the fundamental massless gravitational (bosonic) string multiplet, couple to the non-trivial GW-induced anomalies. As a result of this coupling, there exist axion background configurations which violate (spontaneously) Lorentz symmetry, and remain undiluted at the end of inflation. In models with heavy sterile right-handed neutrinos (RHN), such backgrounds are linked to novel (Lorentz and CPT Violating) mechanisms for the generation of matter-antimatter asymmetry in the Cosmos, via the asymmetric decays of the RHN to standard model particles and antiparticles. During the QCD epoch, the axions develop an instanton-induced mass and can, thus, play the rôle of Dark Matter (DM). The energy density of such a Universe, throughout its evolution, has the form of that of a "running vacuum model", that is, it can be expanded in power series of even powers of the Hubble parameter H(t). The coefficients of those terms, though, are different for the various cosmological epochs. For the phenomenology of our model, which is consistent with the current cosmological data, and could also help in alleviating (some of) the tensions, it suffices to consider up to and including quartic powers of H(t). In the early Universe phase, it is the H 4 (t) term, induced by the GW condensate of the gravitational anomaly, that drives inflation without the need for external inflaton fields.
Introduction and Motivation
Although the cosmic concordance framework for cosmology, or ΛCDM, involving a ∼ 69% current-era dark energy of positive cosmological-constant (de Sitter Λ > 0) type, a ∼ 27% Cold Dark Matter (CDM) component, and ∼ 4% ordinary (mostly baryonic) matter, appears to describe the large scale Universe satisfactorily, within the current accuracy [1] , nonetheless tensions started to emerge in the data. One type of tension (H 0 tension) is associated with more precise measurements of the Hubble parameter in our local celestial neighbourhood (cepheids etc.) [2] , whose value is found to be different from that measured by the Planck collaboration [1] , based on Cosmic Microwave Background (CMB) studies; there is also the σ 8 tension [3] , associated with large-scaleformation data, and in particular with the measurement of the root-mean-squared matter fluctuation at distance scales 8h −1 Mpc (with h the reduced Hubble parameter) [1] . The latter is found to be less than the one predicted within the ΛCDM framework, pointing to the fact that, if such tensions survive future, more accurate, measurements, the observed large scale structure cannot be described well by the standard concordance model and new physics might be needed for an explanation. The ΛCDM model is also found to be in tension with observations at smaller (galactic) scales, in the sense that, numerical simulations on the growth of the Universe structures at galactic scales based on it fail to describe observations, a problem known as "small-scale cosmology crisis" [4] . If such small-scale discrepancies persist in future observations, and survive more mundane, astrophysical, explanations, then they may also point towards a departure from the conventional CDM model of Dark Matter (DM), by the inclusion, for instance, of DM self-interactions [5] .
That the cosmic-concordance (ΛCDM) framework cannot be the end of the story in the description of the Universe should have been expected from a theoretical point of view. There is no microscopic framework underlying ΛCDM, and, most likely, an understanding of the nature of the dark energy will come once we start having an idea about the theory behind the quantisation of the gravitational interaction, the elusive quantum gravity. To date, the most successful attempts towards the construction of a consistent theory of quantum gravity can be found within the framework of (super)string theory and its brane extensions [6] . It goes without saying that the above statement should not be interpreted as implying that string/brane theories are free from ambiguities or shortcomings. On the contrary, despite great effort and progress made over the past four decades, there are still many unresolved issues or unsatisfactory features of strings, such as, for instance, the lack of uniqueness of the vacuum state (String Landscape), which results in anthropic principle arguments, should one attempt to explain our observable world in this framework. No one knows whether this problem can be avoided by some new, yet undiscovered, principle that selects the true (non pertrubative) vacuum of the string/brane theories. Nevertheless, within such a framework, one has made significant progress towards: a microscopic understanding of the unification of the three known forces of Nature with gravity, the nature of quantum states of certain objects that belong to the realm of quantum gravity, such as black holes, wormholes etc., as well as the construction of natural extensions of General Relativity (GR) and Cosmology, given that the low-energy limit of string/brane theories provides extensions of GR, involving higher powers of the Riemann curvature terms and, in general, higher derivative expansions, and modifications coming from the extra (bulk) dimensions of space, which such theories live on. Such GR extensions incorporate naturally (timedependent) dark energy, and in general distinct deviations from ΛCDM with, in principle, testable predictions. From the particle physics point of view, string theory provides naturally a plethora of DM candidates, such as supersymmetric partners, axions etc. Several consistent models also entail non thermal DM.
In the above context, a rather simple string-inspired cosmological model has been suggested in ref. [7] . The novel character of this model, as compared with other string cosmologies, is that it places special emphasis on the rôle of primordial gravitational anomalies in inducing inflation itself, and subsequent smooth exit from it into a radiation phase of the Universe and generation of matter-antimatter asymmetry in the Cosmos. A key ingredient in the model is the induction at a very early phase after the Big Bang of a gravitational-anomaly condensate due to primordial gravitational-wave (GW) fluctuations of the space-time metric. It is such a condensate that induces inflation. The presence of the condensate also implies the existence of a Lorentz-violating (LV) background configuration for primordial axion fields that exist in string theory models as part of the massless (bosonic) gravitational multiplet. Such backgrounds remain undiluted at the end of inflation and are thus present during the radiation era [7] . In models involving heavy right-handed neutrinos (RHN), such LV axion backgrounds can lead to the generation of matter-antimatter asymmetry, via baryogenesis through leptogenesis induced by the decays of RHN into Standard Model (SM) particles and antiparticles in such backgrounds [8] . Moreover, during the QCD epoch of the Universe, the axions can develop a potential induced by instantons, and thus a mass, thereby providing a source for DM [7] .
One of the most important features of the model of [7] is that the corresponding vacuum energy density acquires a form that resembles that of the so-called "running vacuum model" (RVM) [9] , which is known to provide an effective theory framework for a smooth cosmological evolution from inflation to the current era [11] . According to the RVM, the energy density of the cosmic vacuum fluid obeys a renormalization group equation (RGE) as a function of the Hubble rate H [9] :
with the . . . denoting higher (even) powers of H. Here, the Hubble parameter H(t) plays the role of a "running scale" µ of the RGE. The (dimensionless) coefficients a i , b i , c i . . . receive contributions from loop corrections of fermion and boson matter fields with different masses M i . The fact that there are only even powers of H in the expansion on the right-hand side of (1.1) is due to general covariance [9] . The equation of state of the vacuum is that of a cosmological "constant" p RVM = −ρ RVM , despite the fact that the energy density depends on the cosmic time t through its dependence on H(t) 1 . The total energy density ρ total of the cosmic fluid in the RVM framework, including radiation and matter (dust) contributions, is given by
where the vacuum contribution ρ Λ RVM is obtained by integrating (1.1):
In the above expression, the . . . denote higher even powers of H, κ 2 = 8π/M 2 P = M −2 Pl is the four space-time dimensional gravitational constant, with M P (M Pl = 2.4 × 10 18 GeV) the (reduced) Planck mass, and H I is the Hubble Inflationary scale, taken to be in the ballpark of the Grand Unified Theories (GUT) scale, as suggested by the cosmological data [1] ; c 0 is an integration constant (with mass dimension +2 in natural units), which can play the rôle of the current-epoch cosmological constant, and the coefficients ν and α can be viewed as the reduced (dimensionless) beta-functions of ρ Λ RVM at low and high energies respectively, and are expected to be quite small in a typical GUT, namely O(10 −6 − 10 −3 ) [9] . In (1.3), we truncated the H-expansion to H 4 , since this suffices to describe the evolution of the Universe from inflation to the current era [11, 7] . In the early universe, the RVM energy-density term proportional to H 4 dominates and drives inflation [11] , but without an external inflaton field. The exit from this phase is smooth, but does not involve any reheating of the Universe, which in the standard cosmology would have occurred due to the inflaton decay. In this sense, the RVM evolution is distinct from that in standard cosmology.
The RVM framework has also been argued, not only to be consistent with the plethora of the cosmological data, but also to provide an alleviation of the H 0 and σ 8 tensions [12] , and in this sense our string-inspired cosmological model, which is characterised by an effective energy density of RVM type [7] , may be considered as providing an alternative to the standard concordance model that can also account for the observed tensions.
The structure of the talk is as follows: in the next section 2, I describe briefly the stringinspired cosmological model of [7] and its most important features; in section 3, I discuss how an inflationary phase is induced dynamically, through the formation of gravitational-anomaly condensates induced by primordial gravitational waves, while in the subsequent section 4, I describe briefly how leptogenesis occurs in this framework, in models with RHN, and how the primordial massless axions of the model acquire a mass, during the QCD era, which make them a potential candidate for DM. Some phenomenological features of the model are also discussed briefly. Finally, section 5 contains our conclusions and outlook.
The String-Inspired Cosmological Model
In string theory [6] , compactified to four dimensional space-times, the bosonic massless gravitational multiplet of the string spectrum consists of dilatons Φ, gravitons g µν and antisymmetric tensor (Kalb-Ramond (KR)) spin-one fields B µν . The field strength of the latter, H µνρ = ∂ µ B νρ + [cyclic permutation of indices], is "dual" [13] to a pseudoscalar field b(x) (gravitational or KR axion):
with ε µνρσ the covariant Levi-Cicita tensor density, with the Greek indices being world indices of the four-dimensional space-time manifold. It also satisfies the modified Bianchi identity [6] :
where the tilde denotes the corresponding dual fields, the symbol ; denotes the gravitational covariant derivative, and Latin indices refer to the tangent-space of the world manifold at a point x µ . The right-hand side of (2.2) is the mixed gravitational and gauge anomaly, due to the addition of local counterterms, motivated by the requirement of anomaly cancellation [6] . These are total derivative terms:
with Latin letters i, j, k being gauge group indices; ω ab µ is the spin-connection one-form and A i µ are gauge fields. The quantity √ −g K µ mixed is the mixed-anomaly current density. The constant c 1 = N f in (2.2) and (2.3) denotes the number of chiral fermion species N f that contribute to the anomalous loops. Its precise value depends on the underlying microscopic content of the theory.
We now remark that, contrary to the traditional string approach, in ref. [8] we have not insisted on anomaly cancellation but have kept the (four-space-time dimensional) anomaly terms in (2.2) .This constitutes the basis for our novel cosmology developed in ref. [7] . In the latter work we have made the further important assumption that only gravitational degrees of freedom characterise the very early Universe phase, after the Big Bang. This has to be understood as implying the existence of non-gravitational (matter and radiation) fields only as virtual ones, i.e. appearing only in internal lines of the Feynman graphs of the (quantum string effective) gravitational field theory describing the very early Universe dynamics. Virtual chiral fermion matter is therefore present, and its circulation in the anomaly loops leads to the non vanishing of the right-hand side of (2.2), with the gauge field terms being absent in the very early cosmic eras. As we shall discuss later on, in section 4, at the end of inflation chiral matter generation implies that fermion currents are also allowed to appear in external lines of graphs. This leads to the presence of additional terms in the effective action containing these chiral fermions, which have anomalous interactions with the KR axion b(x). These can cancel the primordial gravitational anomalies during the radiation and matter eras [7] , but gauge terms in the anomaly may now be present [7] . For notational convenience, from now on we shall set c 1 = 1 by absorbing this coefficient in the pertinent anomaly currents, but we must always bear in mind that such a factor is actually present and depends on the details of the underlying microscopic model. In [7, 8] we implemented the constrain (2.2) via a Lagrange multiplier field b(x) in the respective path integral [14] . Path-integration of the H µνρ -terms in the partition function leads to the field b(x) acquiring dynamics, which thus becomes the KR axion, that classically satisfies (2.1). This procedure is called H-dualisation. To lowest non-trivial order in a derivative expansion (power series in the Regge slope α ′ = M −2 s , where M s = M P is the string mass scale), the so-obtained "H-dual" low-energy (bosonic) string effective action reads [7, 8] 4) where in the second equality of (2.4) we have partially integrated the CP violating gravitational anomaly term, also termed gravitational Chern Simons term (gC S ), taking into account the total derivative nature (2.3) of the anomaly. The K µ is the gC S current. The . . . denote dilatonderivative-dependent and higher derivative terms, which we shall not take into account in our discussion here. As discussed in [7] , we may consider constant dilatons throughout, in a selfconsistent way. On the other hand, independently of strings, one may consider the effective action (2.4) as the gravitational field-theory model, which our Cosmology will be based upon. As mentioned above, the gauge field anomaly terms are set to zero for the description of the early universe dynamics [7] , but will play a rôle in the radiation era, to be discussed in section 4.
It is important to note that in a Friedman-Lemaître-Robertson-Walker (FLRW) background space-time, of cosmological relevance, the gravitational anomaly vanishes, but this is not the case in the presence of metric fluctuations, such as those associated with primordial gravitational waves (GW) [15, 7] . Unlike the gauge anomaly term, the gravitational anomaly gC S does contribute to the stress tensor, since its variation with respect to the metric field is non trivial, but gives rise to the so-called Cotton tensor, C µν [16] 
5)
From (2.5), it follows that the Cotton tensor is traceless [16] g µν C µν = 0 .
( 2.6) The presence of a non-trivial Cotton tensor leads to modified Einstein equations [7] :
where
is the stress tensor of the massless KR axion, From the form of the Cotton tensor (2.5), and using Einstein equations (2.7), one can derive the property [16] : 9) which implies that, in the presence of gravitational anomalies, the diffeomorphism invariance, and hence the conservation of T µν b is affected. Nonetheless, there is no fundamental issue, since, as follows from (2.9), there is a conserved modified stress-energy tensor
and hence, the non-vanishing divergence of the Cotton tensor in anomalous backgrounds simply expresses a non-trivial energy exchange between the axion b-field and gravity. The modified Einstein equations (2.7) affect the cosmological evolution in space times with, e.g., primordial GW perturbations, which imply non-trivial gravitational anomalies [15] , and in fact, as we discuss below, the vacuum energy density resembles [7] that of a RVM [9] , leading self consistently to dynamical inflation without the need for external inflaton fields.
Inflation through Gravitational Anomaly Condensates
In a de Sitter-type cosmological background, characterised by an (approximately) constant Hubble parameter H ≃ const., the average . . . of the anomalous gC S term, over primordial GW fluctuations of the metric tensor, yields a non-trivial result [15] :
under the slow-roll assumption for the (homogeneous and isotropic) KR axion field b(t),
where the overdot denotes derivative with respect to the cosmic time. Because the integral in (3.1) is quartically divergent, we use an ultraviolet cutoff µ for the momentum (Fourier) scale k. The notation b(t) in (3.1) indicates a background solution of the equations of motion for the KR field. The smallness of Θ (i.e. |Θ| ≪ 1), when combined with (3.2) , implies the sufficient condition
In agreement with the cosmological data [1] , we take for concreteness the inflationary Hubble parameter in the range:
which, on account of (3.1) and (3.4) , implies the sufficient condition M Pl M s ≪ 3.83 × (10 4 − 10 5 ).
(3.5)
The classical equations of motion of the KR axion field b(x), stemming from (2.4),
imply, as partial solutions, homegeneous and isotropic backgrounds [7] :
From (2.3), adapted appropriately to a homogeneous and isotropic situation, it is straightforward to arrive at the following evolution equation for the temporal component of the anomaly current density [7] :
where we used (3.1) and (3.7) . For approximately constant H, Eq. (3.8) can be integrated to give
where we have set the beginning of inflation at t = 0 and its end at t → +∞. Then, one observes [7] that the momentum cutoff on the graviton modes is of order
This provides, through (3.7), a self-consistent and necessary condition forḃ to be approximately constant during inflation, which in turn implies that the KR axion background remains undiluted at the end of the inflationary period:
Above, b (0) is an initial value of the KR axion field, at the beginning of inflation, immediately after the Big Bang. In the low-energy field theory limit of strings, we are dealing with here and in [7] , this is a phenomenological parameter. The reader should take notice of the fact that the solution (3.11) violates (spontaneously) Lorentz symmetry, and its existence is linked to the presence of a GW-induced anomaly condensate (3.1). In view of (3.3) and (3.4) , one obtains from (3.10) the sufficient condition
implying that the cutoff scale µ can be at least of order of M Pl . If one makes the reasonable assumption that in a consistent low-energy theory of quantum gravity transplanckian modes should be avoided, then, from (3.12) , we obtain the following range for the string scale [7] M Pl M s 10 −3 M Pl , (3.13) which guarantees the existence of the Lorentz-violating solution (3.11) for the KR background. We now remark that a slow-roll condition on the KR background, as dictated by the Planck data [1] , is consistent with (3.11) [7] :
From (3.14) , (3.4) , then, we obtain for the anomaly condensate K 0 (0):
which, on account of (3.13) lies in the range 1.34 · 10 −3 K 0 (0) M 3 Pl 1.34 · 10 −9 .
So far, we have assumed the existence of a de Sitter background, whose origin was left unspecified. In our context, such a space-time is induced dynamically as a consequence of the GW condensate [7] . Indeed, the presence of GW fluctuations leads to the following non-vanishing result for the averaged quantity (3.17) where . . . denotes average over GW graviton fluctuations about a de Sitter background. In the second line we have used (3.14) , and a maximum order of magnitude esrtimate [7] for b(t) evaluated at the end of the inflationary period, t end , for which H t end ∼ N with N the number of e-foldings; phenomenologically [1] , N may be taken in the range N ∈ [60 − 70]. It is then estimated that to have an approximate constant (de Sitter) type positive cosmological constant term, one needs (in our conventions): b(0) < 0, with
For our purposes it suffices to take
The term (3.17) , then, contributes a positive cosmological constant type term in the effective action, given that the variation of the anomaly condensate b(x) R µνρσ R µνρσ with respect to the metric tensor vanishes, as happens with all condensates. In a sense, the appearance of a condensate, which is a purely quantum phenomenon, breaks the scale symmetry of the model (2.4) , and introduces a non-vanishing "trace" for the Cotton tensor, which classically is traceless (2.6) . The reader should notice the non-linear H 4 dependence of this term.
From the (free) stress tensor of the massless KR axion we also obtain ρ b = 1 2 (ḃ) 2 ≃ ε M 2 Pl H 2 with a "stiff-matter" equation of state w b = 1. Using appropriately (2.3) and (2.9), for a homogeneous and isotropic situation, i.e. 3.20) it is straightforward to arrive at the following evolution equation for the energy densities of the various components ρ b , ρ gC S ≡ C 00 and ρ Λ , of the string universe during the early GW condensate phase [7] d dt is positive and drives the de Sitter (inflationary) space-time due to the H 4 term, without the need for external inflatons. In fact, the form of the total energy density resembles that of an RVM (1.3), however the coefficient ν is negative in our case, during the inflationary phase. The coefficient α on the other hand is positive and this term is dominant in the early Universe and drives inflation, in agreement with generic properties of RVM [11] . In view of (3.19) , we estimate α = [1] . In fact, such values are consistent with generic predictions from RVM [9] ; indeed, if one identifies the total energy density during inflation, which is dominated by ρ Λ cond , with a GUT potential, V ∼ M 4 X , corresponding to an energy scale M X , then [7] ρ total ≃ |b (0) GeV ≃ 2.3 × 10 16 GeV , (3.23) using (3.19) , which is thus in agreement with RVM phenomenology based on GUTs. The evolution of this string-inspired Universe does not follow the standard smooth RVM evolution, although the structure of its vacuum energy density falls into this category. The coefficients ν and α are different for the various epochs, since new contributions from various matter and radiation sources arise after the exit from inflation. As discussed in some detail in [7] , for the current era, the corresponding coefficient ν 0 of the H 2 0 terms in the vacuum energy density becomes positive, receiving contributions from traditional cosmic electromagnetic fields.
The generation of an axion potential, say by non perturbative effects in the matter era, as we shall discuss in the next section, helps in ensuring the validity of a (slowly moving) LV background configuration for the b field in the current epoch, of the form (3.11) , b| today ≃ √ 2 ε ′ H 0 M Pl (3.24) where the suffix 0 indicates present-day quantities, and ε ′ is a slow-roll parameter for the current era, which is in general different from ε appearing in (3.14) during the inflationary phase, although current phenomenology dictates that one should expect [7] ε ′ ∼ ε = O(10 −2 ). 
Above, ρ m0 denotes the current energy density of DM in the universe, and we used the fact that the slow-roll parameter ε ′ in (3.24) measures the ratio of the kinetic energy of the axion field b(x), K b ∼ (1/2)ḃ 2 , to the current critical energy density of the Universe, ρ (0) c = (M Pl H 0 ) 2 /3. Following expectations from generic quintessence models, we assumed in (3.26 ) that the the potential U b of the axion during the present era is an order of magnitude larger than its kinetic energy K b . Precise justification of (3.25), based on microscopic considerations, is still pending. In [7] , we presented a scenario in which the dominant contribution to ε ′ comes from a present-era cosmic magnetic field, but the intensity of such a field is, at present, treated as a phenomenological parameter, awaiting precise determination from underlying detailed string theory models, which is not a trivial task.
Despite the aforementioned evolutionary differences of our model [7] from the traditional RVM, there are important similarities. Indeed, as in the traditional RVM [9, 11] , the inflationary phase in our string-inspired model is induced by the dominant H 4 term in (3.22) , due to the GWanomaly condensate, without the need for an external inflaton field, and there is no traditional reheating of the Universe during the exit phase. However, there is a novel feature, which is specific to our model [7] , not characterising the generic RVM. In our case, as discussed above, there is an undiluted LV axion background which carries over to the radiation phase, playing a non-trivial rôle in generating matter-antimatter asymmetry and axion DM, as we next proceed to discuss.
Radiation-Matter Eras: Matter-Antimatter Asymmetry and Axion Dark Matter
At the end of inflationary era (exit phase) of our string-inspired Universe, ordinary chiral fermionic matter is generated [7] , which is anomalous in the sense of being chraracterised by a non-conserved axial fermion matter current J 5 µ = ∑ i ψ ch i γ µ γ 5 ψ ch i , where ψ ch i denote species of chiral fermions. The effective string action in such an era reads:
where the four fermion-axial-current-current term is an indication of the existence of "torsion" in the geometry, due to the KR field strength, for details see refs. [7, 8] .
The basic assumption of our scenario is the cancellation of the gravitational anomalies that existed in the inflationary effective action by those generated due to the chiral matter, in the sense that [7] ∂ µ √ −g 3 8
where F µν is the electromagnetic (EM) Maxwell tensor, associated with electromagnetic cosmic fields and G a µν is the gluon field strength of QCD, with a = 1, . . . 8 an adjoint SU(3) colour index; the tilde denotes the corresponding dual tensors; α EM is the electromagnetic fine structure constant, and α s is the strong interactions fine structure constant, and their presence is associated with the fact that the anomalies are one-loop (exact) effects. In the radiation and matter eras gauge fields are present, and hence we use the mixed anomaly terms (cf. (2.3) ) in the non-trivial divergence of the axial chiral-fermion matter current J 5 µ . 2 During the radiation era, the undiluted KR axion LV background (3.11) can induce tree-level leptogenesis in models with massive right-handed neutrinos (RHN) according to the mechanism 2 The reader should notice that the number of chiral fermion species N f contributing to the triangle anomalies, which depends on details of the undelying microscopic model, is not shown explicitly in (4.2) , as it has been absorbed (as a common proportionality factor) in the expression for the gravitational anomaly current K µ , as well as in the gauge-coupling structure constants on the right-hand side (cf. discussion below (2.2) in section 1). suggested in [8] , and presented by the speaker in the 2018 edition of the Corfu Schools and Workshops [17] . Decays of such RHN into standard model particles and antiparticles due to Higgs portal interactions, in the presence of such backgrounds (3.11) , induce lepton asymmetries proportional to the (approximately constant) rate of change of the background,ḃ. The lepton asymmetries are then communicated to the baryon sector via Baryon-minus-Lepton-number conserving sphaleron processes in the SM sector [18] , resulting in matter-antimmater asymmetry. The observed value of the asymmetry [1] can be obtained by fixing the value of the background. In [7] it was shown that, remarkably, upon taking into account the mild temperature dependence of the KR background due to thermal effects of the expanding Universe in the radiation era [8] , the solution (3.11) , with the restriction (3.13) , yields phenomenologically consistent results for the scenario of [7] , in which leptogenesis occurs at decoupling temperatures T D ∼ 10 5 GeV and RHN masses m N ∼ T D , which are also the conditions of [8] .
During the QCD era, that is the epoch of the expanding Universe in which the temperature is of the order of a few hundreds of MeV (order of the QCD scale), it is possible that non-perturbative instanton effects generate a potential for the KR axion b(x)
which, in view of (3.13) , lies in the range
in agreement with the order of magnitude of axion masses calculated in lattice QCD approaches [20] : m lattice a ∼ 5.7 ( 10 12 GeV f a ) × 10 −6 eV. Such axions may play the rôle of a DM component. In ref. [7] we also discussed more complicated scenarios for generating KR axion masses, in agreement with KR background LV solutions of the form (3.11) , which involve mixing of the KR axion with other axions that are abundant in string theories, stemming from appropriate string flux fields [22] . The mixing could be, e.g., of a kinetic form discussed in [21] , which, by the way, provides a scenario for the generation of anomalous radiative masses for the RHN due to the quantum fluctuations of the KR axion itself. Such extended models also allow for ultralight (in our case, stringy in origin) axion DM, which is currently being searched actively with diverse methods, some of them employing innovative quantum-sensor technologies [23] .
Conclusions and Outlook
In this work we have discussed recent developments in a scenario [7] for a cosmological evolution of a string-inspired model for the Universe, in which gravitational anomalies, induced by primordial gravitational waves in the very early Universe, can induce inflation dynamically and exit from it, in a way predicted in the framework of running vacuum models (RVM).
Although there are some distinct features between our model and a generic RVM, concerning, in particular, the form and order of magnitude of the coefficients of the various even powers of the Hubble parameter in the expression for the vacuum energy density of the model, which differ from era to era, nonetheless the essential features of the RVM framework are there. Namely, there exists dynamical inflation without an external inflaton field, due to the presence of the higher powers of the Hubble parameter in the energy density, and exit without the traditional reheating, as well as a de Sitter-like equation of state for the vacuum contributions.
There are also some novel important features specific to our model, like the existence of Lorentz-violating primordial axion backgrounds, from the gravitational massless (bosonic) multiplet of the string; these carry over undiluted onto the radiation phase, and play an important rôle in generating a matter-antimatter asymmetry in a novel way, in models with heavy right-handed neutrinos. Moreover, such axions can source Dark Matter, provided appropriate potentials and masses are generated via non-perturbative effects during the radiation and matter eras.
The cosmological model we presented has placed gravitational anomalies at a very central stage. Such anomalies, induced by gravitational-wave metric fluctuations at the very early Universe, are essential for inducing inflation and the (undiluted) Kalb-Ramond (stringy in origin) axion backgrounds. Although such anomalies are cancelled at the end of inflation, by the generation of chiral matter, nevertheless the fact that the undiluted Kalb-Ramond axion background, which has been argued above to be important for the generation of matter-antimatter asymmetry and dark matter in the Universe, owes its existence to them, leads us to conclude that our current existence might well be due to such anomalous interactions during the birth and infancy of our Universe. So paraphrasing Carl Sagan [24] the upshot of our work is that "we might well be anomalously made of starstuff" [7] .
There are several avenues for further research in this model that we would like to pursue. First of all, we need to understand better the current era of the Universe, and justify in a microscopic way Eq. (3.25) . Moreover, since in string theory, dilatons play an essential rôle, we would like to study in general which kind of dilaton potentials of effective (supergravity) field theories, stemming from strings, are compatible with our scenario, which so far relied on constant dilatons. The introduction of non-trivial, time dependent dilatons at an early stage of the Universe evolution, that could characterise more general models, should be studied in detail. Such a question is non trivial but worths the effort, as it might lead to interesting early Universe effects that could be testable. Last, but not least, a detailed phenomenology of the model against the plethora of cosmological and astrophysical data, including issues like the alleviation of tensions in cosmological data, or inclusion of self interactions of DM, which our axion DM models do have, and which -as we have discussed above -might play a rôle in galactic structure, are among our immediate priorities. We hope to be able to report on progress made in some of these issues soon.
